Abstract Given a bounded domain we look at the minimal parameter ( ) for which a Bernoulli free boundary value problem for the p-Laplacian has a solution minimising an energy functional. We show that amongst all domains of equal volume ( ) is minimal for the ball. Moreover, we show that the inequality is sharp with essentially only the ball minimising ( ). This resolves a problem related to a question asked in Flucher et al.
Motivation and result
It was shown in [1, Section 1.3] that some solutions to (1.1) can be obtained as non-trivial minimisers of the functional
), where {u < 1} := {x ∈ : u(x) < 1} and is |{u < 1}| its Lebesgue measure. One can interpret the second term in J λ as penalising the support of (1 − u) + . By reducing λ we expect the support of (1 − u) + to grow or D to shrink. When we look at (1.1), we also expect |∇u| to decrease as D shrinks. Hence the minimal λ for which a solution exists should occur when the distance between ∂ D and ∂ becomes maximal. Therefore we expect an optimal configuration to maximise this distance, and a ball is very likely to do so. We set and prove that 2 ( ) ≥ 2 ( * ), where * denotes the ball of same volume as . We also prove that equality holds if and only if is a ball.
We will look at a more general problem. In [4] it is shown that for 1 < p < ∞ non-trivial minimisers of the functional
0 ( ) solve the over-determined free boundary problem
Similarly as before we set p ( ) := inf{λ > 0 : J λ, p has a non-trivial minimiser}.
(1.5)
First we establish the following existence result.
Theorem 1.1 The functional J λ, p has a non-trivial minimiser if and only if
As zero is the only minimiser of J 0, p (u) = ∇u p p the above theorem implies that p ( ) > 0. Our main result is the following isoperimetric inequality. The proof of the sharpness of that inequality relies in an essential way on the fact from Theorem 1.1 that zero and a nontrivial u ∈ W 
